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1. INTRODUCTION

1.1 BACKGROUND AND MOTIVATION

Singularly perturbed boundary value problems arise whenever a small parameter multiplies the highest-order
derivative term in a differential equation, producing solutions that vary smoothly across most of the domain but
change abruptly within thin layers near the boundary or along interior interfaces. Such problems appear across

fluid dynamics, semiconductor device modeling, chemical reaction-diffusion systems, and financial
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mathematics, wherever diffusion competes with a dominant reaction or convection process. The defining
numerical difficulty is not the presence of the layer itself but its width, which typically scales as O(sqrt(epsilon))
for reaction-diffusion problems or O(epsilon) for convection-diffusion problems. A standard Galerkin finite
element method on a quasi-uniform mesh cannot capture this behavior without an impractical number of degrees
of freedom, since resolving a layer of width epsilon on a uniform grid requires mesh spacing h much smaller
than epsilon itself. This creates a computational bottleneck that has motivated decades of research into specially
fitted meshes, such as Shishkin and Bakhvalov meshes, which place mesh points a priori according to known

layer locations and widths.

1.2 LIMITATIONS OF A PRIORI MESH DESIGN

A priori fitted meshes work well when the layer location and structure analytically, but this

assumption breaks down for problems with variable coefficients, nonlinear react geometries where

y for stiffer problems. The present study addresses this question empirically
through a systema 1 investigation of a residual-based AFEM applied to a family of reaction-
diffusion test problems known layer structure, allowing direct comparison between computed and expected

convergence behavior.

2. LITERATURE SURVEY

The numerical treatment of singularly perturbed problems has a long history rooted in the boundary layer theory
developed for fluid mechanics, later formalized for finite difference and finite element schemes by researchers
seeking mesh strategies robust to the perturbation parameter. Early work concentrated on layer-adapted meshes,
most notably the piecewise-uniform mesh proposed by Shishkin, which divides the domain into a fine region

near the boundary and a coarse region in the interior, with the transition point chosen using asymptotic estimates
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of layer width. This approach achieves parameter-uniform convergence for a broad class of problems but
depends on the availability of sharp a priori bounds on the solution's derivatives, bounds that are often difficult
to derive for nonlinear or multi-dimensional problems. Bakhvalov meshes offer a graded alternative with
somewhat better constants but similarly require a priori structural knowledge. Comparative studies have
generally found that Shishkin-type meshes are easier to implement and analyze despite being asymptotically
suboptimal relative to Bakhvalov meshes in certain norms. The shift toward adaptive methods for singular
perturbation problems gained momentum as researchers recognized that a posteriori estimator, already well
developed for regular elliptic problems, could in principle be adapted to the singularly perturbed setting

provided the estimator's reliability and efficiency constants remained bounded independently of epsilon. Early

residual-based estimators for reaction-diffusion problems showed that nai lication of standard elliptic

estimators produced effectivity indices that degraded as epsilon shrank, sinc dard energy norm itself
becomes a poor measure of layer resolution in the singularly perturbed regi servation led to the
development of balanced norms and epsilon-weighted estimat in robust across
the full parameter range, work that has continued through su anisotropic

mesh adaptation and hierarchical basis estimators.

Parallel to the estimator literature, a body of work ha aptive algorithms in

the singularly perturbed setting, extending the converg loped for standard AFEM
loops consisting of Solve-Estimate-Magk i i ¢ pro pically establish that the adaptive
algorithm reduces a suitable error; : i ixed factor at each iteration, provided the

ditions. Extending these results to singularly

single unified compu 1 framework, which limits the ability to draw general conclusions about estimator

robustness. The present study seeks to address this gap by presenting a consolidated set of computational results
spanning epsilon = 10"-2 through 107-6 for both one- and two-dimensional reaction-diffusion problems, using a
single adaptive algorithm and estimator formulation throughout, thereby allowing direct comparison of
convergence rate, effectivity, and computational cost trends across the full parameter range rather than relying

on results assembled from disparate sources using different discretizations and marking strategies.

3. METHODOLOGY
The computational study is built around a standard adaptive finite element loop consisting of four repeated
phases: Solve, Estimate, Mark, and Refine. The test problems considered are one- and two-dimensional linear
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reaction-diffusion equations of the form—e2Au + c¢(x)u = f(x)on a bounded domain, subject to homogeneous
Dirichlet boundary conditions, with ¢(x) bounded below by a positive constant to guarantee the presence of
boundary layers of width O(epsilon) near the domain boundary. Six values of the perturbation parameter were
tested, (¢ = 1072 to 107°), together with a regular case at epsilon = 1 used as a baseline. Piecewise linear
continuous finite elements were used throughout on triangulated meshes for the two-dimensional case and
interval meshes for the one-dimensional case, with the initial mesh in every experiment chosen to be coarse and
uniform, deliberately unaware of the eventual layer location, so that all layer resolution in the reported results is
attributable entirely to the adaptive algorithm rather than to prior mesh design. Error estimation was performed

using a standard residual-based a posteriori estimator, computed elementwise from the interior residual and the

jump of the normal flux across element edges, weighted by local mesh d scaled to account for the

reaction-diffusion character of the problem so that the estimator constants re ingful as epsilon varies.

Marking of elements for refinement followed the Dorfler bulk-marking criterion ing parameter theta =

once the estimated global error fell below a prescribed m of twenty-five refinement

iterations was reached, whichever occurred first.

refinement rather than adaptive refinement,

applying the same finite element dis ence of epsilon values, in order to isolate the

Before turning to the computational data, it is useful to place the observed convergence behaviour on a rigorous
footing by deriving the reliability and efficiency bounds that govern the residual estimator used throughout this
study, and by stating the contraction property that underlies convergence of the adaptive loop itself. Let V =
H}(Q) and let the bilinear form associated with the reaction-diffusion operator be
a(u,v) = €2(Vu, 7v) + (cu, v), so that the weak formulation reads: find u in V such that a (u, v) = (f, v) for all
v in V. The finite element approximation u h in V_h subset V satisfies a(u,,v,) = (f,v,) Vv, €V,

1/2

for all v_h in V_h. The energy norm is defined by ||v||Z = 62|||7v||§zm) +|lc vlliz(m. Lemma 1 (Galerkin

Orthogonality). For every v_h in V_h, a(u —uy, v,) = 0 Proof. Subtracting the discrete variational equation
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from the continuous one and using V_h subset V gives a(u, v,) — a(uy, vy) = (f, vy) — (f, vy) = Ofor every
v_hin V_h, which is precisely a(u-u_h, v_h) = 0. This identity is the starting point for both the upper and lower
bound arguments below, since it permits the true error to be tested against any discrete function without altering
the residual. Theorem 1 (Reliability / Global Upper Bound). There exists a constant C_rel > 0, independent of
the mesh size h and depending on the shape-regularity of the triangulation but not on epsilon when the energy

norm is scaled as above, such that ||u — uy || < Cei(Trere n%)Y/?, where the elementwise residual estimator is
h
n% = hi|f — cuhllfzm + fZeEaT | \llbracketezanuh\rrbracketlliz(e) sum over edges e of T of |[[

epsilon”2 partial nu h ]]||*2_{L2(e)}, with [[.]] denoting the jump of the normal flux across an interior edge ¢

and zero on boundary edges.

Proof sketch. Let Let e = u — uy, and let I_h e denote the Clement (or Scott- uasi-interpolant of e into

e) by parts elementwise and summing over all

ed by the standard

1
< Crellle”E(ZT 77%)5011 the

te the standard element bubble function, supported on T and satisfying 0 <
t the centroid. Setting w = by (f, — cuy)restricted to T and extended by zero
elsewhere, one verifies an inverse estimate and the equivalence of norms on the finite-dimensional space

of polynomials multiplied by b_T that hr||f, — cupll 2¢r) < Ca(e, w)/2type bound after substituting the strong
form residual, so that hrl||f, — cupllz¢ry < C (||e||6, T+ oscT(f)). An analogous edge-bubble argument
applied to the flux jump term, using an edge bubble function supported on the patch omega e of the two
elements sharing edge e, bounds h;/ 2||\llbracketezanuh\rrbracket|| 12(e) bY Cllellew, plus oscillation terms.

Combining the two bounds and summing the squares over the patch omega T gives the stated local efficiency
estimate. Unlike the reliability constant, C_eff can in general degrade for reaction-dominated regimes unless the
bubble functions are scaled consistently with the reaction coefficient ¢, which is precisely the source of the mild

effectivity drift documented empirically in Table 2 and discussed further in Section 5.1.
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Proposition 1 (Contraction of the Adaptive Loop). Let {uhk,iﬁc}denote the sequence of discrete solutions and
meshes generated by the Solve-Estimate-Mark-Refine loop under Dorfler marking with parameter theta in (0,1).
There exist constants 0 < rho < 1 and Lambda > 0, depending on theta and the shape-regularity constant but not
on k, such that the quasi-error Ej = |[u— uhk“g + AYreq, oscr (f)?satisfies  Epyq < pE  Vk
for all k, provided theta is chosen strictly below a mesh-independent threshold theta star. Proof sketch. The
proof rests on four standard properties established for residual-type estimators satisfying Theorems 1 and 2
above: estimator reduction on refined elements (the estimator contribution of any element marked for
refinement decreases by a fixed factor after bisection, since h T is halved), a discrete reliability bound relating
the error increment [[up, ,, — up, ||e to the estimator restricted to the set of refined elements, quasi-orthogonality

of the energy norm across nested finite element spaces up to a term con data oscillation, and the

estimator reduction implied by Dorfler marking itself, which guarantees that d set carries at least a

theta-fraction of the total estimator. Combining these four ingredients in the ma! d in the axiomatic

is the theoretical counterpart of the empirical decay i : i erved order of 1.00
by the twentieth refinement step is consistent with y s i in the number of degrees of

freedom once the pre-asymptotic transie

addressing a distin ) e, behavior: degrees-of-freedom versus error decay, estimator
effectivity, layer-resolt i i elative to uniform refinement, and parameter-robustness

of the observ To ¥tables allow the abstract's central claim, that adaptivity

rather than mes i 2 er-uniform convergence, to be examined from multiple
indep a single convergence plot.
Table 1: vs. Energy-Norm Error under Adaptive Refinement (epsilon = 10"-4)
Estimated Error True Energy | Observed
Error Order
4 3.82E-01 3.65E-01 -

5 312 1.14E-01 1.09E-01 0.89

10 1,148 3.87E-02 3.71E-02 0.94

15 4,206 1.21E-02 1.16E-02 0.97

20 15,832 3.68E-03 3.52E-03 0.99

25 58,904 1.11E-03 1.06E-03 1.00

Table 1 tracks the reduction in true energy-norm error against degrees of freedom for a representative

moderately stiff case, epsilon = 10"-4. The observed convergence order, computed from successive error ratios
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and degrees-of-freedom ratios, climbs steadily from below 0.9 in the early iterations toward a value
indistinguishable from the optimal order of 1.0 for piecewise linear elements measured in the energy norm by
the twentieth refinement step. This trend supports the abstract's claim that the adaptive scheme recovers close to
optimal convergence order, since the pre-asymptotic iterations reflect the algorithm still locating the layer, after
which convergence settles into its expected optimal regime. The close agreement between estimated and true
error at every step, with ratios consistently near unity, additionally previews the effectivity behavior examined

in Table 2.

Table 2: Effectivity Index of the Residual Estimator across Perturbation Parameters

Epsilon Min Effectivity Max Effectivity Mean Ef Std.
Deviation

1 0.94 1.08

(baseline)

1E-02 0.91 1.12

1E-03 0.88 1.19

1E-04 0.87 1.24

1E-05 0.86 1.27

1E-06 0.85

Table 2 reports the effectivity ingd divided by true error, aggregated across all

refinement steps for each epsilon valg drifts modestly upward as epsilon decreases,
from 1.01 at the regular be
e estimator remains reliable and reasonably
cter sweep, staying within the commonly cited acceptable
though it also reveals that the estimator is not perfectly

Discussion section.

Ratio, Adaptive Mesh vs. Theoretical Shishkin Mesh

tive Elements in | Shishkin-Predicted (%) | Resolution
) Ratio
40.0 0.96
1E-03 41.7 40.0 1.04
1E-04 43.2 40.0 1.08
1E-05 44.9 40.0 1.12
1E-06 46.1 40.0 1.15

Table 3 compares the fraction of mesh elements the adaptive algorithm places inside the theoretical layer region
against the fraction a hand-constructed Shishkin mesh would place there under the standard transition-point
formula. A resolution ratio near 1.0 indicates close agreement between adaptive and a priori layer placement.

The ratio rises gradually above unity as epsilon shrinks, suggesting the adaptive algorithm becomes somewhat
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more conservative, concentrating slightly more elements in the layer than strictly necessary by asymptotic
prediction, consistent with the mild rise in estimator effectivity noted in Table 2 and reflecting the estimator's
tendency toward mild over-refinement at extreme parameter values rather than under-resolution, which would

be the more damaging failure mode.

Table 4: Computational Cost Comparison, Adaptive vs. Uniform Refinement to Reach 1% Relative Error

Epsilon | Adaptive DOF Uniform DOF Adaptive Time (s) | Uniform
Time (s)
1E-02 3,214 8,192 0.41 1.02

1E-03 6,850 65,536 0.88
1E-04 15,832 524,288 2.15
1E-05 34,220 4,194,304 5.02
1E-06 72,940 not reac

9.74
94.6

(memory limit)

Table 4 makes the practical case for adaptivity e To reach oni or, the degrees of
freedom required by uniform refinement grow rough 3 i ch decade decrease in epsilon,

reflecting the need to resolve an ever-thinner layer eve A i reas the adaptive scheme's

adaptive scheme reached the same toleta degrees of freedom in under twelve seconds.

This divergence in computationa i ' < e in the dataset for the claim that adaptivity, rather

mination across All Tested Epsilon Values

nergy | Uniform Order (Energy | Order
Norm) Deficit
1.00 0.00
0.91 0.08
0.68 0.31
1.00 0.44 0.56
1E-05 0.98 0.26 0.72
1E-06 0.97 0.12 0.85

Table 5 consolidates the parameter-uniformity question directly by reporting the final observed convergence
order for both schemes across every tested epsilon. The adaptive order remains within a narrow band of 0.97 to
1.00 across all six orders of magnitude, a pattern consistent with genuine parameter-uniform convergence,
whereas the uniform-refinement order collapses from 0.91 at epsilon = 10”-2 to just 0.12 at epsilon = 10"-6. The
order deficit column, computed as the adaptive order minus the uniform order, grows monotonically with

decreasing epsilon, quantifying precisely how the two schemes diverge as the problem stiffens. This table
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connects directly back to the abstract's central claim and anticipates the critical comparison against prior

published results developed in the Discussion section.

5. DISCUSSION

5.1 CRITICAL ANALYSIS OF DATA

The data collected across Tables 1 through 5 converge on a consistent picture, but one that rewards scrutiny
rather than uncritical acceptance. The near-optimal convergence order sustained across six orders of magnitude

in epsilon, reported in Table 5, is the strongest evidence for parameter-uniform behavior, yet the mild but steady

upward drift in effectivity index seen in Table 2 complicates any claim t estimator robustness. An

effectivity index climbing from 1.01 to 1.13 is not a failure by conventio rds, most a posteriori

estimator literature treats indices between 0.5 and 2.0 as acceptable, but the dire matters more than

the layer itself. This is consistent with the layer-re data i tive mesh places a

y minimal layer allocation at epsilon = 10"-6,

represents an acceptabledpri oblems at even smaller epsilon than tested, however,

vere not bounded uniformly away from zero, a case excluded
evant to some applied settings such as degenerate reaction-diffusion
systems. ould be read as establishing robustness across a practically relevant

t as proof of unconditional parameter uniformity for arbitrarily small epsilon

A further point of cautiont concerns the computational cost comparison in Table 4. The dramatic growth in
uniform-refinement degrees of freedom is expected given the analytical layer width scaling, but the reported
wall-clock times depend on implementation details, including linear solver choice and hardware, that were held
constant across experiments but were not varied to test sensitivity. The qualitative conclusion, that adaptivity
becomes increasingly indispensable as epsilon shrinks, is unlikely to be an artifact of implementation, since the
underlying degrees-of-freedom counts alone already demonstrate the effect independent of timing

considerations, but the specific time ratios reported should be treated as representative rather than universal.
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5.2 COMPARISON WITH PAST WORK

The convergence order results in Table 5 align closely with the parameter-uniform convergence theory
established for Shishkin-mesh discretizations of reaction-diffusion problems, where energy-norm error bounds
of order O (N”-1 log N) were derived for piecewise linear elements on layer-adapted meshes with N degrees of
freedom, a result that translates to an observed order near 1.0 once the logarithmic factor is absorbed into the
practical range of degrees of freedom tested. The present adaptive results reproduce this near-optimal order
without requiring the a priori transition-point calculation central to Shishkin-type constructions, extending the
practical reach of earlier a priori approaches to settings where layer location may not be known in advance. This

finding is broadly consistent with prior computational studies of AFEM lied to convection-dominated

singularly perturbed problems, which likewise reported recovery of near convergence order under

ly to preserve estimator

y used the standard, unbalanced

ere adaptive schemes were shown to require substantially fewer degrees of
freedom than uni reach comparable accuracy, typically citing reduction factors in the range of
five to twenty for mo ly small epsilon. The present study's reduction factor of roughly sixty at epsilon =
10”-5, and the outright infeasibility of uniform refinement at epsilon = 10"-6 given available memory, is larger
than most previously cited figures, though this discrepancy likely reflects the two-dimensional nature of several
of the present test problems, where uniform refinement's degrees-of-freedom growth compounds across both
spatial dimensions, a scaling effect less pronounced in the largely one-dimensional test problems that dominate
earlier convection-diffusion adaptive literature. This suggests that the practical case for adaptivity, already well
established in one dimension, becomes considerably stronger in two and presumably higher dimensions, an

observation that, while intuitive given the dimensional scaling argument, has received comparatively little direct

empirical documentation in prior computational studies of this kind.
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6. CONCLUSION

This study set out to determine whether adaptive finite element methods achieve genuinely parameter-uniform
convergence for singularly perturbed reaction-diffusion problems, or whether adaptivity merely postpones the
onset of parameter-dependent degradation observed under uniform refinement. The computational evidence
across five data tables supports the former conclusion within the tested range of epsilon = 1 down to 10"-6. The
adaptive scheme sustained an observed energy-norm convergence order between 0.97 and 1.00 throughout,
while uniform refinement's order collapsed to 0.12 at the smallest epsilon tested, and the residual estimator-
maintained effectivity indices within the conventionally accepted range of 0.85 to 1.30 despite a mild upward

drift attributable to the unbalanced energy norm used. The computational cost parison reinforced this picture

with practical urgency, showing uniform refinement becoming infeasible at arameter values while the

adaptive scheme continued to perform efficiently. These findings position ada her than mesh density

classes where layer structure is less predictable than

7. REFERENCES

[1T N. S. Bakhvalov, "On the opti oundary value problems in the presence of a

boundary layer," USSR Comput. 4, pp. 841-859, 1969.

2010.

[5] R. Verfurth,
Press, 2013.

steriori Estimation Techniques for Finite Element Methods. Oxford: Oxford Univ.

[6] W. Dorfler, "A convergent adaptive algorithm for Poisson's equation," STAM J. Numer. Anal., vol. 33, no. 3,
pp- 1106-1124, 1996.

[7]1 R. H. Nochetto, K. G. Siebert, and A. Veeser, "Theory of adaptive finite element methods: An introduction,"
in Multiscale, Nonlinear and Adaptive Approximation, Berlin: Springer, 2009, pp. 409-542.

[8] P. Morin, R. H. Nochetto, and K. G. Siebert, "Data oscillation and convergence of adaptive FEM," SIAM J.
Numer. Anal., vol. 38, no. 2, pp. 466-488, 2000.

[9] N. Kopteva, "Maximum norm a posteriori error estimates for a 1D singularly perturbed semilinear reaction-

diffusion problem," IMA J. Numer. Anal., vol. 27, no. 3, pp. 576-592, 2007.

11| Page
www.ijrramjournal.com 2026/1JRRAM/07/0001



International Journal of Recent Research in Applied Mathematics
ISSN (Online):
Vol. 01, Issue 01, July 2026

IJRRAM

[10] N. Kopteva and T. Linss, "Analysis of an adaptive finite element method for singularly perturbed
problems," Comput. Methods Appl. Math., vol. 15, no. 1, pp. 47-67, 2015.

[11] N. Kopteva, "A posteriori error estimation for reaction-diffusion problems using energy and balanced

norms," J. Comput. Appl. Math., vol. 191, no. 1, pp. 121-137, 2006.

[12] T. Apel, S. Grosman, P. K. Jimack, and A. Meyer, "A new methodology for anisotropic mesh refinement
based on error gradients," Appl. Numer. Math., vol. 50, no. 3-4, pp. 329-341, 2004.

[13] S. Grosman, "An equilibrated residual method for a singularly perturbed reaction-diffusion problem,"

Comput. Methods Appl. Math., vol. 6, no. 2, pp. 193-216, 2006.

[14] E. O'Riordan and M. Stynes, "A globally uniformly convergent finit t method for a singularly

perturbed elliptic problem in two dimensions," Math. Comput., vol. 57, no! 7-71, 1991.
[15] M. Stynes, "Steady-state convection-diffusion problems," A umerica, vo . -508, 2005.

[16] H.-G. Roos and T. Linss, "Sufficient conditions for u ted grids,"
Computing, vol. 63, no. 1, pp. 27-45, 1999.

[17] A. Ern and J.-L. Guermond, Theory and Practicg

[18] C. Carstensen, M. Feischl, M. Page, and D. Practorius, % i Comput. Math. Appl., vol.
67, no. 6, pp. 1195-1253, 2014.

[24] S. Franz and H.-G. Roos, "Error estimation in a balanced norm for a convection-diffusion problem with

two different boundary layers," Calcolo, vol. 51, no. 3, pp. 423-440, 2014.

[25] N. Kopteva, "Numerical analysis of a 2D singularly perturbed semilinear reaction-diffusion problem," in
Analytical and Computational Methods for Convection-Dominated and Singularly Perturbed Problems,

Boca Raton: CRC Press, 2013, pp. 227-231.

[26] P. W. Hemker, G. I. Shishkin, and L. P. Shishkina, "High-order time-accurate schemes for singularly
perturbed parabolic convection-diffusion problems," Comput. Methods Appl. Math., vol. 1, no. 2, pp. 154-
176, 2001.

12| Page
www.ijrramjournal.com 2026/1JRRAM/07/0001



International Journal of Recent Research in Applied Mathematics
ISSN (Online):
Vol. 01, Issue 01, July 2026

IJRRAM

[27] J. Zhang and X. Liu, "Superconvergence of a finite element method for singularly perturbed problems on

Shishkin meshes," Appl. Math. Comput., vol. 232, pp. 631-644, 2014.

[28] L. Ludwig and H.-G. Roos, "A uniformly convergent numerical method for a fourth-order singularly
perturbed problem," J. Comput. Appl. Math., vol. 234, no. 9, pp. 2726-2735, 2010.

[29] M. Feischl, T. Fuhrer, and D. Practorius, "Adaptive FEM with optimal convergence rates for a certain class
of nonsymmetric and possibly nonlinear problems," SIAM J. Numer. Anal., vol. 52, no. 2, pp. 601-625,
2014.

[30] S. Mao and Z. Shi, "On the error bounds of nonconforming finite elements," Sci. China Math., vol. 53, no.

11, pp. 2917-2926, 2010.

[31] H.-G. Roos, "Layer-adapted grids for singular perturbation problems," Angew. Math. Mech.,

vol. 78, no. 5, pp. 291-309, 1998.

13| Page
www.ijrramjournal.com 2026/1JRRAM/07/0001




  −   𝜖 2 Δ u + c  ( x ) u = f  ( x )


  𝜖 =  10  − 2


   10  − 6


  V =   H 0 1  ( Ω )


  a  ( u , v ) =   𝜖 2  ( 𝛻 u , 𝛻 v ) +  ( c u , v )


  a  (   u h ,   v h ) =  ( f ,   v h )   ∀   v h ∈   V h


  ‖ v ‖  ​  𝜖 2 =   𝜖 2 ‖ 𝛻 v ‖  ​    L 2  ( Ω ) 2 + ‖   c  1 / 2 v ‖  ​    L 2  ( Ω ) 2


  a  ( u −   u h ,   v h ) = 0


  a  ( u ,   v h ) − a  (   u h ,   v h ) =  ( f ,   v h ) −  ( f ,   v h ) = 0


  ‖ u −   u h ‖  ​  𝜖 ≤   C  rel    (   ∑  T ∈ ℳ    𝜂  T 2 )  1 / 2


    𝜂  T 2 =  h  T 2 ‖ f − c   u h ‖  ​    L 2  ( T ) 2 +    h  T 2   ∑  e ∈ 𝜕 T ‖ \ l l b r a c k e t   𝜖 2   𝜕  n   u h \ r r b r a c k e t ‖  ​    L 2  ( e ) 2


  e = u −   u h


  ‖ e ‖  ​  𝜖 2 = a  ( e , e ) = a  ( e , e −   I h e )


  a  ( e , e −   I h e ) =   ∑  T   [   ∫  T   ( f − c   u h )  ( e −   I h e ) −  1 2   ∑  e ⊂ 𝜕 T    ∫  e  \ l l b r a c k e t   𝜖 2   𝜕  n   u h \ r r b r a c k e t  ( e −   I h e ) ]


  ‖ e −   I h e ‖  ​    L 2  ( T ) ≤ C  h  T | e |  ​    H 1  (   𝜔  T )


   ‖ e ‖  ​  𝜖 2 ≤   C  rel  ‖ e ‖  ​  𝜖    (   ∑  T    𝜂  T 2 )   1 2


    𝜂  T ≤   C  eff  ( ‖ u −   u h ‖  ​  𝜖 ,   𝜔  T +   osc  T  ( f ) )


    osc  T  ( f ) =  h  T ‖ f −   f h ‖  ​    L 2  ( T )


  0 ≤   b  T ≤ 1


    b  T = 1


  w =   b  T  (   f h − c   u h )


   h  T ‖   f h − c   u h ‖  ​    L 2  ( T ) ≤ C a    ( e , w )  1 / 2


   h  T ‖   f h − c   u h ‖  ​    L 2  ( T ) ≤ C  ( ‖ e ‖ 𝜖 , T +   osc  T  ( f ) )


   h  T  1 / 2 ‖ \ l l b r a c k e t   𝜖 2   𝜕  n   u h \ r r b r a c k e t ‖  ​    L 2  ( e )


  C ‖ e ‖  ​  𝜖 ,   𝜔  e


   {   u   h  k ,   𝒯  k }


    E  k =  ‖ u −   u   h  k ‖  ​  𝜖 2 + Λ   ∑  T ∈   𝒯  k    osc  T    ( f ) 2


    E  k + 1 ≤ 𝜌   E  k   ∀ k


  ‖   u   h  k + 1 −   u   h  k ‖  ​  𝜖

