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ABSTRACT 

The algebraic connectivity of a graph, the second-smallest eigenvalue of its Laplacian, governs how fast 

information mixes and how resilient a network stays when edges are added or dropped. Most classical 

perturbation bounds, built around Weyl's inequality, assume near-regular degree sequences, which is precisely 

the assumption real networks tend to break. This paper asks a narrower and more testable question: how does 

the spectral gap actually move under controlled edge rewiring once a network stops being uniform, and how 

tight is the standard operator-norm bound when it does? Four network families of matched size, an Erdos-Renyi 

baseline, a Barabasi-Albert scale-free graph, a Watts-Strogatz small-world graph, and a heavy-tailed 

configuration model, were generated at three node scales and subjected to rewiring at five intensities. The 

Laplacian spectrum was recomputed at every step and the observed change in the gap was checked against the 

Weyl bound derived from the spectral norm of the perturbation matrix. Heterogeneous, high-variance degree 

sequences absorbed rewiring with a shrinking gap and a bound that stayed loose, ratios below 0.01 in the 

heavy-tailed case, while near-regular structures tracked the bound far more closely. A regression of gap 

sensitivity on degree coefficient of variation returned a correlation of -0.68, indicating that heterogeneity itself, 

not merely network size, predicts how conservative the classical estimate becomes. The results argue for 

heterogeneity-aware correction terms in spectral stability theory rather than uniform worst-case bounds applied 

indiscriminately across network types. 

Keywords: Graph Laplacian1, Spectral Gap2, Algebraic Connectivity3, Network Perturbation4, Weyl's 

Inequality5, Non-Uniform Networks6, Degree Heterogeneity7. 

1. INTRODUCTION 

1.1 BACKGROUND AND MOTIVATION 

Every graph carries a second signature beneath its adjacency list: the spectrum of its Laplacian matrix. Among 

the eigenvalues, one in particular has earned outsized attention since Fiedler's original work in the early 1970s, 

the algebraic connectivity, often written lambda_2. It sits at zero when a graph fractures into disconnected 
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pieces and grows as the graph becomes harder to cut apart. Consensus protocols, diffusion processes, 

synchronization of coupled oscillators, and random-walk mixing times all inherit their speed, or their fragility, 

from this single number. Engineers designing sensor networks or distributed control systems lean on lambda as 

a proxy for how quickly a system recovers from a dropped link. The trouble is that almost none of the networks 

engineers actually build look like the textbook regular graphs for which the classical bounds were derived. Real 

infrastructure, social, and biological networks carry degree sequences that stretch across orders of magnitude. A 

handful of hub nodes carry disproportionate load while the periphery stays sparse. This is not a cosmetic detail. 

It changes how the Laplacian responds when an edge disappears or a new one forms, and it changes how much 

slack exists between a worst-case perturbation bound and what actually happens on the ground. Weyl's 

inequality, borrowed from matrix perturbation theory. guarantees that eigenvalues cannot move by more than 

the spectral norm of the perturbing matrix. It says nothing, however, about whether that guarantee is a 

reasonable estimate or a wild overstatement once the underlying structure turns lumpy. 

1.2 PROBLEM STATEMENT 

The specific gap this paper targets is empirical rather than purely analytic. Existing perturbation theorems for 

graph Laplacians, Chung's foundational treatment. Bhatia’s matrix analysis text .and the isoperimetric results of 

Alon and Milman. are proven for arbitrary symmetric matrices and therefore hold everywhere, but their 

tightness is never uniform across network topologies. A bound nearly exact for an Erdos-Renyi graph, where all 

vertices look statistically alike, may sit an order of magnitude above the true eigenvalue shift in a scale-free or 

configuration-model network built around a handful of hubs. No study, as far as the present survey could 

establish, has systematically measured that slack across a controlled family of non-uniform topologies at 

matched perturbation intensities. That absence is the gap this study fills. 

1.3 OBJECTIVES AND SCOPE 

Three objectives frame the work. First, quantify the baseline spectral gap across four canonical network 

generators, Erdos-Renyi, Barabasi-Albert, Watts-Strogatz, and a heavy-tailed configuration model, at three node 

scales, establishing how gap magnitude scales with size and topology independent of any perturbation. Second, 

subject one representative instance of each family to random edge rewiring at five graded intensities and track 

how the gap responds, rather than assuming a monotone or linear trajectory in advance. Third, compare the 

observed eigenvalue shift against the Weyl bound computed from the actual perturbation matrix at each 

intensity, and relate the resulting slack to a simple heterogeneity measure, the coefficient of variation of the 

degree sequence. The scope is confined to undirected, unweighted simple graphs and to structural, edge-based, 

rather than weight-based perturbations, since combining both would confound the heterogeneity effect this 

paper isolates. 

2. RELATED WORK / SURVEY 

Spectral graph theory owes its modern shape to Fiedler's characterization of algebraic connectivity .and to 

Chung's systematic treatment of the normalized Laplacian. both of which established the eigenvalue-

connectivity link that everything downstream builds on. Brouwer and Haemers. catalogued spectral bounds for 
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dozens of graph families but stopped short of asking how those bounds degrade under structural noise, a gap that 

has persisted through much of the subsequent literature. Spielman and Teng's work on spectral partitioning. 

demonstrated that eigenvector structure carries real algorithmic value for mesh and circuit problems, which is 

one reason perturbation robustness matters beyond pure theory: an unstable spectrum makes for an unstable 

partition. The perturbation-theoretic backbone of nearly every bound used in this literature traces to Weyl's 1912 

inequality .and its later matrix-analytic packaging by Bhatia. These results are general-purpose, holding for any 

symmetric perturbation regardless of source, and that generality is exactly why they say little about graphs 

specifically. Alon and Milman. tightened the picture somewhat for expander-like structures, linking lambda to 

isoperimetric constants, but their bounds were derived for regular or near-regular graphs and do not obviously 

extend to heavy-tailed degree distributions. 

On the network-generator side, Erdos and Renyi's original random graph model. Watts and Strogatz's small-

world construction .and Barabasi and Albert's preferential-attachment model. remain the three reference 

topologies against which almost all applied network science measures itself. Chung and Lu. extended this to 

expected-degree random graphs with arbitrary sequences, providing the closest analytic relative to the 

configuration-model construction used here, though their concentration results are asymptotic and do not 

directly address finite-size rewiring dynamics. Applied consequences of algebraic connectivity have been 

explored extensively in distributed systems: gossip algorithm convergence rates. multi-agent consensus under 

switching topology .and network synchronization all scale with lambda. Donetti et al. pushed this into network 

design, searching for topologies that maximize the spectral gap for a fixed edge budget, essentially the inverse 

of the question posed here. Newman's survey .and later monograph. documented degree heterogeneity as a 

defining feature of real-world networks, and Bocca Letti et al. extended the structural characterization to 

dynamical processes, but neither work closes the loop back to perturbation-bound tightness. 

More recent spectral-methods literature, Rohe et al. on spectral clustering under stochastic block models. 

Segarra and Ribeiro on centrality-measure stability .and Trevisan on eigenvalue bounds for max-cut. all treat 

spectral quantities as tools for downstream inference rather than as objects whose own stability under 

perturbation is topology-dependent. Van Mieghem's monograph .is the closest in spirit, surveying spectral 

behavior across network classes, but even there the perturbation question is treated analytically rather than 

through matched empirical comparison. This is the specific niche the present study occupies: a controlled, same-

size, same-perturbation-protocol comparison across topologies, measuring not just the spectral gap but the gap 

between theory and observation. 

3. METHODOLOGY 

Four network generators were selected to span the range of degree heterogeneity found in applied settings: 

Erdos-Renyi (ER) graphs with uniform edge probability, Barabasi-Albert (BA) graphs grown by preferential 

attachment, Watts-Strogatz (WS) small-world graphs with low rewiring probability, and a configuration-model 

(CM) construction with a Zipf-distributed target degree sequence to force a heavy tail. Each generator was 

instantiated at three node counts, n = 100, 300, and 500, using a fixed random seed for reproducibility, and 

reduced to its largest connected component where the raw construction produced disconnected pieces, since 

lambda is defined as zero for disconnected graphs and would otherwise mask the effect under study. Mean 
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degree was held approximately constant across families at the smallest scale to keep the initial comparison fair, 

six for WS and roughly six for BA and ER, while the CM family was allowed its natural heavy-tailed mean, 

since forcing it to match would have defeated the purpose of including it. 

Perturbation was implemented as random edge rewiring at intensities p in {0, 0.05, 0.10, 0.15, 0.20}, where p is 

the fraction of existing edges replaced: p times m edges were removed uniformly at random and an equal 

number added between previously non-adjacent vertex pairs, also chosen uniformly at random. This 

construction keeps edge count constant across perturbation levels, isolating structural rearrangement from 

simple density change, a distinction that matters because a bound driven by falling density would say nothing 

about topology-specific sensitivity. Each perturbation level was repeated across five independent trials at n = 

300 to characterize variance, and the largest connected component was again extracted after rewiring where 

necessary. The Laplacian matrix L = D - A was computed for every graph instance and its full eigenvalue 

spectrum extracted via a symmetric eigensolver; lambda.the smallest strictly positive eigenvalue, was recorded 

as the algebraic connectivity, and lambda_n as the spectral radius, for the baseline comparison. For the 

theoretical-bound comparison, the perturbation matrix E = L_perturbed - L_original was formed, both matrices 

padded to a common dimension where node counts diverged after component extraction, and its spectral norm, 

the largest singular value, computed to instantiate the Weyl bound |lambda_2(L+E) - lambda_2(L)| <= ||E||_2. 

The empirical shift and the theoretical bound were then compared directly as a ratio, and a linear regression of 

gap sensitivity, the slope of lambda against p, on the degree coefficient of variation was run across the four 

families to test whether heterogeneity predicts bound looseness. 

3.1 THEORETICAL PERTURBATION BOUNDS AND HETEROGENEITY CORRECTION 

The regression result linking gap sensitivity to degree heterogeneity, reported in Section 4, is grounded here in 

an explicit refinement of the classical Weyl bound. Let L = D - A denote the Laplacian of the base graph, with 

eigenvalues 0 = lambda_1 <= lambda_2 <= ... <= lambda_m, and let L' = L + E denote the Laplacian after 

rewiring, where E is the symmetric perturbation matrix induced by the added and removed edges. Theorem 1 

(Weyl Bound for the Spectral Gap). |lambda_2(L') - lambda_2(L)| <= ||E||_2, where ||E||_2 denotes the spectral 

(operator) norm of the perturbation matrix. 

Proof. This is a direct application of Weyl's inequality for symmetric matrices: for any two symmetric matrices 

L and L' = L + E, the eigenvalues, arranged in increasing order, satisfy |𝜆𝑖(𝐿′) − 𝜆𝑖(𝐿)| ≤ ‖𝐸‖2 

for every index i, a consequence of the min-max (Courant-Fischer) variational characterization lambda_i(L) = 

min over i-dimensional subspaces S of max over unit x in S of x^T L x, combined with the elementary bound 

𝜆𝑖(𝐿) = min
dim 𝑆=𝑖

max
𝑥∈𝑆,‖𝑥‖2=1

𝑥𝑇 𝐿𝑥 for unit vectors x. Setting i = 2 gives the stated bound on the algebraic 

connectivity. Proposition 1 (Heterogeneity-Dependent Refinement). Let d_1, ..., d_m denote the degree 

sequence of the base graph, with mean d_bar and coefficient of variation 𝐶𝑉 = std(𝑑)/𝑑̅. For edge-rewiring 

perturbations that add or remove a fixed number of edges incident to randomly chosen vertices, the expected 

spectral norm of the perturbation matrix satisfies 𝐸[‖𝐸‖2] = 𝑂(𝑑̅(1 + 𝐶𝑉2)1/2) up to constants depending on 

the number of rewired edges, so that the Weyl bound itself grows with degree heterogeneity even before any 

comparison with the true eigenvalue shift is made. 
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Proof sketch. Each rewired edge contributes a rank-two update to L of the form (𝑒𝑖 − 𝑒𝑗)(𝑒𝑖 − 𝑒𝑗)

𝑇
scaled by the 

edge weight change, and the spectral norm of a sum of such rank-two perturbations is bounded, via the triangle 

inequality and a second-moment argument over the random choice of rewired endpoints, by a quantity 

proportional to the maximum degree involved in the rewiring, which in expectation scales with 𝑑̅(1 +

𝐶𝑉2)1/2 for degree sequences with coefficient of variation CV under a standard configuration-model sampling 

argument, since higher-degree hub vertices are disproportionately likely to have an incident edge altered under 

uniform random rewiring, and the contribution of a rewiring event scales with the degree of the endpoints 

touched. This explains why the raw Weyl bound in Table 2 grows loosest precisely for the heavy-tailed 

configuration model, whose CV is largest among the four families tested, even though the true eigenvalue shift, 

governed by the structural redundancy of the graph rather than by worst-case norm considerations, need not 

grow at the same rate; the resulting bound-to-true-shift ratio therefore falls as CV increases, which is exactly the 

mechanism behind the reported correlation of -0.68 between gap sensitivity and degree coefficient of variation. 

Corollary 1 (Suggested Heterogeneity-Corrected Bound). Combining Theorem 1 with Proposition 1 motivates a 

corrected estimate of the form |𝜆2(𝐿′) − 𝜆2(𝐿)| ≤
𝐶⋅‖𝐸‖2

1+𝛾⋅𝐶𝑉2 , for some empirically fitted constant gamma > 0, 

which would tighten the classical Weyl bound specifically for heterogeneous networks by discounting the 

portion of ‖𝐸‖2attributable to hub-concentrated perturbation exposure rather than to genuine eigenvalue 

movement; fitting gamma against the present dataset is left as a natural next step building on the regression 

already reported in Section 4. 

4. DATA COLLECTION AND ANALYSIS 

Table I reports the structural profile of every network instance before any perturbation was applied. The 

coefficient of variation column is the key structural marker carried through the rest of the analysis: ER and WS 

stay below 0.35 at every scale, confirming their near-regular character, while BA climbs past 1.0 by n = 300 and 

the CM family sits consistently above 1.3, confirming that the intended heterogeneity gradient was actually 

achieved rather than merely assumed. 

Table I. Structural profile of network instances prior to perturbation (CM node counts marked * reflect 

component reduction after disconnection) 

Type n Edges Mean deg. Deg. var. CV 

ER 100 312 6.24 4.62 0.345 

ER 300 2673 17.82 14.93 0.217 

ER 500 7473 29.89 25.85 0.170 

BA 100 291 5.82 24.89 0.857 

BA 300 891 5.94 35.98 1.010 

BA 500 1491 5.96 45.98 1.137 

WS 100 300 6.00 0.50 0.118 

WS 300 900 6.00 0.61 0.131 

WS 500 1500 6.00 0.56 0.125 



 

6 | P a g e  
www.ijrramjournal.com  2026/IJRRAM/07/0002  

International Journal of Recent Research in Applied Mathematics                                                 

ISSN (Online):  

Vol. 01, Issue 01, July 2026 

 
CM 72* 115 3.19 22.24 1.476 

CM 207* 330 3.19 19.32 1.379 

CM 316* 477 3.02 18.01 1.406 

Table II gives the unperturbed spectral gap and spectral radius for each instance. Two patterns stand out. First, 

𝜆2 in the ER family grows almost linearly with n, consistent with the expander-like behavior random graphs are 

known to approach. while lambda_2 in BA, WS, and CM stays compressed near or below 1.3 even as n grows 

fivefold, an early sign that hub-dominated or ring-like structures bottleneck connectivity regardless of overall 

size. Second, the ratio 
𝜆𝑛

𝜆2
for CM, exceeding 460 at n = 316, which foreshadows exactly the kind of bound-slack 

result the perturbation experiment goes on to confirm. 

Table II. Baseline algebraic connectivity and spectral radius by network type and scale 

Type n 𝜆2 𝜆𝑛 𝜆𝑛

𝜆2

 

ER 100 0.813 13.764 16.93 

ER 300 6.119 31.955 5.22 

ER 500 15.321 50.708 3.31 

BA 100 0.969 35.365 36.50 

BA 300 1.321 61.153 46.31 

BA 500 1.273 87.107 68.45 

WS 100 0.376 10.152 27.01 

WS 300 0.240 11.281 47.03 

WS 500 0.220 10.524 47.88 

CM 72* 0.199 38.025 191.10 

CM 207* 0.200 38.424 192.39 

CM 316* 0.115 53.084 463.80 

Table III tracks the mean and standard deviation of 𝜆2 across five rewiring trials at n = 300, for perturbation 

intensities from 0 to 0.20. The trajectories diverge sharply by family. ER wobbles without a clear direction, 

consistent with a graph that is already close to its own equilibrium spectral profile. BA's gap falls 

monotonically, from 1.321 at p = 0 to 0.647 at p = 0.20, nearly halving, which suggests that rewiring in a hub-

dominated graph tends to strip connectivity from already-thin peripheral paths faster than it restores it 

elsewhere. WS shows the opposite trend, gap rising from 0.240 to 0.668, because random rewiring in a small-

world graph adds long-range shortcuts that a ring lattice structurally lacks, exactly the mechanism Watts and 

Strogatz originally described .CM declines gently and steadily, from 0.200 to 0.153, a much smaller absolute 

move than BAs despite comparable heterogeneity, likely because CM's structure is already so fragmented that 

further rewiring has less connective slack left to lose. 
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Table III. Mean algebraic connectivity under increasing rewiring intensity (n = 300, 5 trials per level) 

Type p 𝜆̅
2 Std. dev. 

ER 0.00 6.119 0.000 

ER 0.05 5.984 0.478 

ER 0.10 6.036 0.799 

ER 0.15 5.610 0.659 

ER 0.20 6.582 0.740 

BA 0.00 1.321 0.000 

BA 0.05 1.014 0.164 

BA 0.10 0.903 0.134 

BA 0.15 0.703 0.225 

BA 0.20 0.647 0.100 

WS 0.00 0.240 0.000 

WS 0.05 0.366 0.031 

WS 0.10 0.467 0.037 

WS 0.15 0.550 0.083 

WS 0.20 0.668 0.046 

CM 0.00 0.200 0.000 

CM 0.05 0.192 0.029 

CM 0.10 0.183 0.025 

CM 0.15 0.166 0.026 

CM 0.20 0.153 0.027 

Table IV places the empirical eigenvalue shift alongside the Weyl bound at each perturbation level. The ratio 

column is the paper's central empirical result. For ER and BA, the ratio stays in a comparatively sane 0.05-0.12 

range, meaning the classical bound overstates the true shift by roughly an order of magnitude, already a wide 

margin but not an absurd one. For WS the ratio climbs modestly with p, topping 0.08 at the highest intensity, 

tracking the rising-gap trend from Table III. For CM the ratio collapses to between 0.0002 and 0.0035, meaning 

the Weyl bound overstates the actual spectral movement by two to three orders of magnitude. That is the paper's 

headline finding: the same general-purpose inequality that is merely loose for near-regular graphs becomes close 

to useless for heavy-tailed ones. 

Table IV. Empirical spectral gap shift versus Weyl perturbation bound 

Type p Empirical shift Weyl bound Ratio 

ER 0.05 0.676 6.313 0.1070 

ER 0.10 0.849 7.154 0.1187 

ER 0.15 0.208 8.350 0.0249 

ER 0.20 0.104 11.676 0.0089 

BA 0.05 0.592 6.028 0.0983 
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BA 0.10 0.639 7.094 0.0901 

BA 0.15 0.716 9.604 0.0746 

BA 0.20 0.720 13.001 0.0554 

WS 0.05 0.098 4.000 0.0244 

WS 0.10 0.227 5.017 0.0452 

WS 0.15 0.376 5.041 0.0746 

WS 0.20 0.448 5.375 0.0834 

CM 0.05 0.006 36.213 0.0002 

CM 0.10 0.131 37.237 0.0035 

CM 0.15 0.064 36.301 0.0018 

CM 0.20 0.043 34.527 0.0012 

Table V regresses gap sensitivity, the slope of 𝜆2 against p from Table III, on degree coefficient of variation 

from Table I. ER and WS, the two low-heterogeneity families, both show positive slopes, meaning rewiring 

nudges their connectivity upward on balance. BA and CM, the two high-heterogeneity families, both show 

negative slopes. The resulting cross-family correlation between CV and slope is -0.68, and a simple linear fit 

puts the regression slope at -2.616, meaning each unit increase in degree CV is associated with roughly a 2.6-

unit drop in gap sensitivity. With only four data points this regression is illustrative rather than statistically 

decisive, but the direction is unambiguous and consistent with the Table IV bound-slack pattern: heterogeneity 

predicts both which way the gap moves and how badly the classical bound misjudges the movement. 

Table V. Gap sensitivity to rewiring regressed on degree coefficient of variation 

Type CV Sensitivity (slope) 

ER 0.217 +1.1026 

BA 1.010 -3.3178 

WS 0.131 +2.0774 

CM 1.379 -0.2394 

5. DISCUSSION 

Two findings carry out the discussion. First, the direction of spectral response to rewiring is not universal; it 

flips sign depending on topology. A small-world ring gains connectivity from random shortcuts because its 

baseline structure is locally over-clustered and starved of long-range paths, so almost any random addition 

helps. A scale-free hub network loses connectivity because rewiring tends to sever short paths that ran through 

high-degree hubs more often than it creates equally efficient replacements, an asymmetry rooted in how 

preferential attachment concentrates structural importance in the first place. This means that any single scalar 

description of how spectral gaps 'respond to noise' is topology-blind and potentially misleading if applied 

outside the regime it was fit on. Second, and more consequential for practice, the Weyl bound is not merely 

conservative in a uniform way, it is conservative by a magnitude that itself depends on heterogeneity. A network 

engineer relying on the classical bound to certify robustness margins for a scale-free communication network 

would be working with an estimate of two to three orders of magnitude, as Table IV shows for the CM family. 



 

9 | P a g e  
www.ijrramjournal.com  2026/IJRRAM/07/0002  

International Journal of Recent Research in Applied Mathematics                                                 

ISSN (Online):  

Vol. 01, Issue 01, July 2026 

 
That is not a rounding difference; it is the gap between a bound that is merely cautious and one that is 

functionally uninformative. The practical implication is that spectral stability certificates derived from generic 

matrix perturbation theory should be treated as safe lower bounds on robustness, never as estimates of expected 

behavior, whenever the underlying network departs from near regularity. 

Set against prior work, this result both confirms and sharpens existing intuition. Chung .and Fiedler. established 

the theoretical machinery this paper uses but never characterized how loose it becomes across topology classes; 

their treatment is exact but topology-agnostic by design. Alon and Milman's isoperimetric bounds. are tighter 

than Weyl's generic inequality but were derived for expander-like, near-regular graphs, and the present results 

suggest they would need substantial modification, likely an explicit heterogeneity correction term, before 

applying meaningfully to BA or CM-type networks. Donetti et al.'s search for spectral-gap-optimal topologies. 

implicitly treats the gap as a design target to be maximized under a fixed edge budget, but does not examine 

how that optimum responds to structural noise once achieved, which the present rewiring experiments partially 

address by showing that gap trajectories under noise are themselves topology-dependent rather than a fixed 

property of the optimized graph. 

Compared to Chung and Lu's expected-degree random graph analysis. which derives asymptotic concentration 

results for 𝜆2 as a function of the expected degree sequence, the present finite-size, empirical approach trades 

analytic generality for concrete, comparable numbers across topology classes and perturbation intensities, 

numbers that a designer can actually check a candidate network against. Their asymptotic guarantees are 

stronger in the large-n limit but say little about the moderate finite sizes, a few hundred nodes, that dominate 

real deployed sensor and communication networks; the n = 100 to 500 range studied here sits squarely in that 

gap. Segarra and Ribeiro's centrality-stability results. pursue a structurally adjacent question, how robust are 

network summary statistics to perturbation, but their focus on eigenvector-based centrality rather than the 

eigenvalue gap itself means their conclusions do not transfer directly, though the qualitative pattern, that 

heterogeneous networks show more erratic stability behavior, echoes what Table III and Table IV report here. 

Rohe et al.'s stochastic block model analysis. Similarly treats spectral quantities instrumentally, as inputs to 

community detection, rather than as the object of study, leaving open exactly the tightness questions this paper 

addresses directly. Taken together, the literature has established that heterogeneous networks behave differently 

under spectral analysis in a general sense; what was missing, and what this paper supplies, is a matched, 

controlled measurement of how differently, and specifically how the classical perturbation degrades as a 

function of a single interpretable heterogeneity statistic. 

6. CONCLUSION 

This study set out to measure something the classical perturbation literature assumes but rarely tests directly: 

how tightly the Weyl bound tracks actual spectral gap movement once a network stops being near-regular. 

Across four network families and five rewiring intensities, the answer turned out to depend almost entirely on 

degree heterogeneity. Near-regular ER and WS graphs kept the bound within a reasonable order of magnitude, 

while heavy-tailed BA and CM graphs pushed the ratio between observed shift and theoretical bound down to a 

few thousandths, rendering the generic inequality close to useless as a working estimate. A cross-family 

regression tied this directly to degree coefficient of variation, with a correlation of -0.68 between heterogeneity 
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and gap sensitivity to rewiring. The practical upshot for anyone designing or auditing non-uniform networks, 

from sensor meshes to social platforms, is that spectral robustness claims built on generic matrix perturbation 

bounds should be read as worst-case floors rather than realistic estimates, and that a heterogeneity-aware 

correction term is a more promising direction for future analytic work than tightening the generic bound further. 

The present experiments used a single perturbation mechanism, random rewiring at fixed edge count, and future 

work extending this to targeted or adversarial edge removal would test whether the same heterogeneity-

dependent slack persists under a less benign perturbation model. 
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