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1. INTRODUCTION

1.1 BACKGROUND AND MOTIVATION

Every graph carries a second signature beneath its adjacency list: the spectrum of its Laplacian matrix. Among
the eigenvalues, one in particular has earned outsized attention since Fiedler's original work in the early 1970s,

the algebraic connectivity, often written lambda 2. It sits at zero when a graph fractures into disconnected
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pieces and grows as the graph becomes harder to cuf apart. Consensus protocols, diffusion processes,
synchronization of coupled oscillators, and random-walk mixing times all inherit their speed, or their fragility,
from this single number. Engineers designing sensor networks or distributed control systems lean on lambda as
a proxy for how quickly a system recovers from a dropped link. The trouble is that almost none of the networks
engineers actually build look like the textbook regular graphs for which the classical bounds were derived. Real
infrastructure, social, and biological networks carry degree sequences that stretch across orders of magnitude. A
handful of hub nodes carry disproportionate load while the periphery stays sparse. This is not a cosmetic detail.
It changes how the Laplacian responds when an edge disappears or a new one forms, and it changes how much
slack exists between a worst-case perturbation bound and what actually happens on the ground. Weyl's

inequality, borrowed from matrix perturbation theory. guarantees that eige s cannot move by more than

the spectral norm of the perturbing matrix. It says nothing, however, al ther that guarantee is a

reasonable estimate or a wild overstatement once the underlying structure turns

1.2 PROBLEM STATEMENT

The specific gap this paper targets is empirical rather than purely ai rbation theorems for

tightness is never uniform across network topologies. A ¥ os-Renyi graph, where all

vertices look statistically alike, may si i ue eigenvalue shift in a scale-free or

trogatz, and a heavy-tailed configuration model, at three node
ales with size and topology independent of any perturbation. Second,
family to random edge rewiring at five graded intensities and track
assuming a monotone or linear trajectory in advance. Third, compare the
t the Weyl bound computed from the actual perturbation matrix at each
intensity, and relate the Iting slack to a simple heterogeneity measure, the coefficient of variation of the
degree sequence. The scope is confined to undirected, unweighted simple graphs and to structural, edge-based,

rather than weight-based perturbations, since combining both would confound the heterogeneity effect this

paper isolates.

2. RELATED WORK /SURVEY

Spectral graph theory owes its modern shape to Fiedler's characterization of algebraic connectivity .and to
Chung's systematic treatment of the normalized Laplacian. both of which established the eigenvalue-

connectivity link that everything downstream builds on. Brouwer and Haemers. catalogued spectral bounds for
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dozens of graph families but stopped short of asking how those bounds degrade under structural noise, a gap that
has persisted through much of the subsequent literature. Spielman and Teng's work on spectral partitioning.
demonstrated that eigenvector structure carries real algorithmic value for mesh and circuit problems, which is
one reason perturbation robustness matters beyond pure theory: an unstable spectrum makes for an unstable
partition. The perturbation-theoretic backbone of nearly every bound used in this literature traces to Weyl's 1912
inequality .and its later matrix-analytic packaging by Bhatia. These results are general-purpose, holding for any
symmetric perturbation regardless of source, and that generality is exactly why they say little about graphs
specifically. Alon and Milman. tightened the picture somewhat for expander-like structures, linking lambda to
isoperimetric constants, but their bounds were derived for regular or near-regular graphs and do not obviously

extend to heavy-tailed degree distributions.

On the network-generator side, Erdos and Renyi's original random graph m s and Strogatz's small-

directly address finite-size rewiring dynamics. Appli i ectivity have been

explored extensively in distributed systems: gossip alg : ulti-agent consensus under

and Trevisan on eigenvalue bounds for max-cut. all treat

ence rather than as objects whose own stability under

3. METHODOLOGY

Four network generators were selected to span the range of degree heterogeneity found in applied settings:
Erdos-Renyi (ER) graphs with uniform edge probability, Barabasi-Albert (BA) graphs grown by preferential
attachment, Watts-Strogatz (WS) small-world graphs with low rewiring probability, and a configuration-model
(CM) construction with a Zipf-distributed target degree sequence to force a heavy tail. Each generator was
instantiated at three node counts, n = 100, 300, and 500, using a fixed random seed for reproducibility, and
reduced to its largest connected component where the raw construction produced disconnected pieces, since

lambda is defined as zero for disconnected graphs and would otherwise mask the effect under study. Mean
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degree was held approximately constant across families at the smallest scale To keep the initial comparison fair,
six for WS and roughly six for BA and ER, while the CM family was allowed its natural heavy-tailed mean,

since forcing it to match would have defeated the purpose of including it.

Perturbation was implemented as random edge rewiring at intensities p in {0, 0.05, 0.10, 0.15, 0.20}, where p is
the fraction of existing edges replaced: p times m edges were removed uniformly at random and an equal
number added between previously non-adjacent vertex pairs, also chosen uniformly at random. This
construction keeps edge count constant across perturbation levels, isolating structural rearrangement from
simple density change, a distinction that matters because a bound driven by falling density would say nothing
about topology-specific sensitivity. Each perturbation level was repeated across five independent trials at n =

300 to characterize variance, and the largest connected component was a,

acted after rewiring where

necessary. The Laplacian matrix L = D - A was computed for every graph and its full eigenvalue

da 2(L)| <= |[E||_2.

i0, and a linear regression of

eigenvalues 0 3 bda_m, and let L' = L + E denote the Laplacian after

Proof. This is
L and L' = L

f Weyl's inequality for symmetric matrices: for any two symmetric matrices
nvalues, arranged in increasing order, satisfy |A;(L") — A;(L)| < ||E|l»
for every index i, a co ence of the min-max (Courant-Fischer) variational characterization lambda i(L) =
min over i-dimensional subspaces S of max over unit x in S of xT L x, combined with the elementary bound

A(L) = min  max xT Lx for unit vectors x. Setting i = 2 gives the stated bound on the algebraic
dim S=i x€S,||x||,=1

connectivity. Proposition 1 (Heterogeneity-Dependent Refinement). Let d 1, .., d m denote the degree
sequence of the base graph, with mean d_bar and coefficient of variation CV = std(d)/d. For edge-rewiring
perturbations that add or remove a fixed number of edges incident to randomly chosen vertices, the expected
spectral norm of the perturbation matrix satisfies E[||E||2] = O(J 1+ cvH)Y 2) up to constants depending on
the number of rewired edges, so that the Weyl bound itself grows with degree heterogeneity even before any

comparison with the true eigenvalue shift is made.
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Proof sketch. Each rewired edge contributes a rank-two update to L of the form (ei - ej)(ei - e]-)Tscaled by the
edge weight change, and the spectral norm of a sum of such rank-two perturbations is bounded, via the triangle
inequality and a second-moment argument over the random choice of rewired endpoints, by a quantity
proportional to the maximum degree involved in the rewiring, which in expectation scales with d(1 +
CV)Y/2 for degree sequences with coefficient of variation CV under a standard configuration-model sampling
argument, since higher-degree hub vertices are disproportionately likely to have an incident edge altered under
uniform random rewiring, and the contribution of a rewiring event scales with the degree of the endpoints
touched. This explains why the raw Weyl bound in Table 2 grows loosest precisely for the heavy-tailed
configuration model, whose CV is largest among the four families tested, even though the true eigenvalue shift,

governed by the structural redundancy of the graph rather than by worst- considerations, need not

grow at the same rate; the resulting bound-to-true-shift ratio therefore falls as es, which is exactly the
mechanism behind the reported correlation of -0.68 between gap sensitivity and ficient of variation.
Corollary 1 (Suggested Heterogeneity-Corrected Bound). Co 1 motivates a

C-IEll2
1+y-cv2 >’

corrected estimate of the form |A,(L") — A,(L)] <

which would tighten the classical Weyl bound sp by discounting the
portion of ||E||,attributable to hub-concentrated p b ) than to genuine eigenvalue
movement; fitting gamma against the present dataset 5 2 a building on the regression

already reported in Section 4.

4. DATA COLLECTION AND

Table I reports the structs before any perturbation was applied. The
coefficient of variatig S ed through the rest of the analysis: ER and WS
stay below 0.35 at every se i ir néar-tegular character, while BA climbs past 1.0 by n =300 and

the CM famil i Ve p’ that the intended heterogeneity gradient was actually

Table instances prior to perturbation (CM node counts marked * reflect

component reduction after disconnection)

Edges Mean deg. Deg. var. CvV

312 6.24 4.62 0.345
ER 300 2673 17.82 14.93 0.217
ER 500 7473 29.89 25.85 0.170
BA 100 291 5.82 24.89 0.857
BA 300 891 5.94 35.98 1.010
BA 500 1491 5.96 45.98 1.137
WS 100 300 6.00 0.50 0.118
WS 300 900 6.00 0.61 0.131
WS 500 1500 6.00 0.56 0.125
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CM 2% I15 3.19 22.24 1.476
CM 207* 330 3.19 19.32 1.379
CM 316% 477 3.02 18.01 1.406

Table II gives the unperturbed spectral gap and spectral radius for each instance. Two patterns stand out. First,
A, in the ER family grows almost linearly with n, consistent with the expander-like behavior random graphs are
known to approach. while lambda 2 in BA, WS, and CM stays compressed near or below 1.3 even as n grows

fivefold, an early sign that hub-dominated or ring-like structures bottleneck connectivity regardless of overall

size. Second, the ratio i—"for CM, exceeding 460 at n = 316, which foreshadows exactly the kind of bound-slack
2

result the perturbation experiment goes on to confirm.

Table I1. Baseline algebraic connectivity and spectral radius by n e and scale

intensities from 0 jectories diverge sharply by family. ER wobbles without a clear direction,

consistent with a gr. at is already close to its own equilibrium spectral profile. BA's gap falls
monotonically, from 1.321 at p = 0 to 0.647 at p = 0.20, nearly halving, which suggests that rewiring in a hub-
dominated graph tends to strip connectivity from already-thin peripheral paths faster than it restores it
elsewhere. WS shows the opposite trend, gap rising from 0.240 to 0.668, because random rewiring in a small-
world graph adds long-range shortcuts that a ring lattice structurally lacks, exactly the mechanism Watts and
Strogatz originally described .CM declines gently and steadily, from 0.200 to 0.153, a much smaller absolute

move than BAs despite comparable heterogeneity, likely because CM's structure is already so fragmented that

further rewiring has less connective slack left to lose.
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Table TII. Mean algebraic connectivity under increasing rewiring intensity (n = 300, 5 trials per level)

Type p Ay Std. dev.
ER 0.00 0.000

ER 0.05 0.478

ER 0.10 0.799

ER 0.15 0.659

ER 0.20 0.740

BA
BA
BA
BA
BA
WS
WS
WS
WS
WS
CM
CM
CM

headline finding: the s eneral-purpose inequality that is merely loose for near-regular graphs becomes close

to useless for heavy-tailed ones.

Table IV. Empirical spectral gap shift versus Weyl perturbation bound

Type p Empirical shift Weyl bound Ratio

ER 0.05 0.676 6.313 0.1070

ER 0.10 0.849 7.154 0.1187

ER 0.15 0.208 8.350 0.0249

ER 0.20 0.104 11.676 0.0089

BA 0.05 0.592 6.028 0.0983
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BA 0.10 0.639 7.094 0.0901

BA 0.15 0.716 9.604 0.0746

BA 0.20 0.720 13.001 0.0554

WS 0.05 0.098 4.000 0.0244

WS 0.10 0.227 5.017 0.0452

WS 0.15 0.376 5.041 0.0746

WS 0.20 0.448 5.375 0.0834

CM 0.05 0.006 36.213 0.0002

CM 0.10 0.131 37.237 0.0035

CM 0.15 0.064 36.301

CM 0.20 0.043 34.527
Table V regresses gap sensitivity, the slope of A, against p fr ient of variation
from Table I. ER and WS, the two low-heterogeneity familie iti ing rewiring
nudges their connectivity upward on balance. BA and CM, the t i families, both show

negative slopes. The resulting cross-family correla is -0. a simple linear fit

+1.1026
-3.3178
+2.0774
-0.2394

5. DISCUS

Two findings carry ssion. First, the direction of spectral response to rewiring is not universal; it

flips sign depending on't@pology. A small-world ring gains connectivity from random shortcuts because its
baseline structure is locally over-clustered and starved of long-range paths, so almost any random addition
helps. A scale-free hub network loses connectivity because rewiring tends to sever short paths that ran through
high-degree hubs more often than it creates equally efficient replacements, an asymmetry rooted in how
preferential attachment concentrates structural importance in the first place. This means that any single scalar
description of how spectral gaps 'respond to noise' is topology-blind and potentially misleading if applied
outside the regime it was fit on. Second, and more consequential for practice, the Weyl bound is not merely
conservative in a uniform wayi, it is conservative by a magnitude that itself depends on heterogeneity. A network
engineer relying on the classical bound to certify robustness margins for a scale-free communication network
would be working with an estimate of two to three orders of magnitude, as Table IV shows for the CM family.
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That is nof a rounding difference; it is the gap between a bound that is merely cautious and one that is
functionally uninformative. The practical implication is that spectral stability certificates derived from generic
matrix perturbation theory should be treated as safe lower bounds on robustness, never as estimates of expected

behavior, whenever the underlying network departs from near regularity.

Set against prior work, this result both confirms and sharpens existing intuition. Chung .and Fiedler. established
the theoretical machinery this paper uses but never characterized how loose it becomes across topology classes;
their treatment is exact but topology-agnostic by design. Alon and Milman's isoperimetric bounds. are tighter
than Weyl's generic inequality but were derived for expander-like, near-regular graphs, and the present results
suggest they would need substantial modification, likely an explicit heterogeneity correction term, before

applying meaningfully to BA or CM-type networks. Donetti et al.'s search ral-gap-optimal topologies.

implicitly treats the gap as a design target to be maximized under a fixed e but does not examine

address by showing that gap trajectories under noise are the r than a fixed

property of the optimized graph.

network summary s i i on eigenvector-based centrality rather than the

ot transfer directly, though the qualitative pattern, that

function of a single int ble heterogeneity statistic.

6. CONCLUSION

This study set out to measure something the classical perturbation literature assumes but rarely tests directly:
how tightly the Weyl bound tracks actual spectral gap movement once a network stops being near-regular.
Across four network families and five rewiring intensities, the answer turned out to depend almost entirely on
degree heterogeneity. Near-regular ER and WS graphs kept the bound within a reasonable order of magnitude,
while heavy-tailed BA and CM graphs pushed the ratio between observed shift and theoretical bound down to a
few thousandths, rendering the generic inequality close to useless as a working estimate. A cross-family

regression tied this directly to degree coefficient of variation, with a correlation of -0.68 between heterogeneity
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and gap sensitivity to rewiring. The practical upshot for anyone designing or audifing non-uniform networks,
from sensor meshes to social platforms, is that spectral robustness claims built on generic matrix perturbation
bounds should be read as worst-case floors rather than realistic estimates, and that a heterogeneity-aware
correction term is a more promising direction for future analytic work than tightening the generic bound further.
The present experiments used a single perturbation mechanism, random rewiring at fixed edge count, and future
work extending this to targeted or adversarial edge removal would test whether the same heterogeneity-

dependent slack persists under a less benign perturbation model.
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