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1. INTRODUCTION

1.1 BACKGROUND AND MOTIVATION

Fractional calculus has moved from a mathematical curiosity to a working modelling language for systems with
memory and hereditary effects polymer relaxation, groundwater transport through heterogeneous media, and
fractional-order control loops all lean on derivatives of non-integer order to capture behaviour that classical
integer-order models miss. Once such models turn nonlinear, though, the numerical picture changes
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considerably. Discretising a nonlinear Caputo or Riemann-Liouville operator produces a dense, non-sparse
Jacobian, because unlike integer-order derivatives, fractional operators carry a memory kernel that couples
every past time step to the current one. Direct linear solvers scale poorly against this density, and the
conditioning of the resulting Jacobian tends to worsen as the fractional order o moves away from 1. Newton's
method, in its classical form, therefore becomes expensive per iteration and, for o in the higher sub-diffusive to

near-integer range, occasionally fails to converge within a practical iteration budget.

1.2 THE NEWTON-KRYLOV FRAMEWORK

Newton—Krylov methods sidestep the cost of forming and factoring the full Jacobian by replacing the linear

solve at each Newton step with a Krylov subspace iteration typically GM that only requires Jacobian-

vector products, which can be approximated by finite differences without eve ing the matrix explicitly.

a workable method

ifferential equations has followed several distinct lines of development over
the past two deca odlubny's foundational work established the Griinwald—Letnikov and Caputo
discretisation frameworks that most subsequent finite-difference schemes still build upon, and demonstrated
stability conditions for linear fractional systems but left nonlinear extensions largely open. Diethelm and Ford
later extended fractional Adams-type predictor-corrector methods to nonlinear Caputo equations, reporting good
accuracy for smooth solutions but noting a steep rise in computational cost as the memory term accumulates
over long time horizons every step requires revisiting the entire solution history, an O(N?) cost that becomes
prohibitive for fine meshes. Sun and Wu proposed an L1 scheme for time-fractional problems that reduced
truncation error to O(1*"a), and this scheme, along with its L2 variant for higher-order fractional derivatives, has
become something of a default choice in the applied literature; the present study adopts the same discretisation

to keep comparisons with prior benchmarks meaningful. On the linear-algebra side, Jiang et al. explored fast
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Fourier transform-based fast solvers exploiting the Toeplitz structure that arises when the fractional operator is
discretised on a uniform mesh, cutting the per-step cost from O(N?) to O (N log N); however, this approach
assumes a regular mesh and struggles with variable-coefficient or genuinely nonlinear right-hand sides, which is

precisely the regime this paper targets.

Newton—Krylov methods themselves have a long history in nonlinear PDE solving, with Knoll and Keyes'
widely cited review cataloguing preconditioning strategies for integer-order problems  incomplete LU
factorisations, multigrid preconditioners, and physics-based preconditioners among them. Extending these ideas
to fractional operators is comparatively recent. Moghaddam and Machado examined a fractional multigrid

preconditioner for linear fractional boundary value problems and reported dteration counts roughly halved

relative to unpreconditioned conjugate gradient, though their study did not o nonlinear problems or to

Krylov-based outer iterations. combined a circulant preconditioner with GMR e-fractional advection-

inear fractional

1 and the L2 scheme for 1 < a < 2, both on a uniform temporal mesh
tor used a standard second-order central difference on a uniform mesh with
time level, where U c the unknown nodal values and F inherits both the spatial nonlinearity and the
fractional memory sum from all prior time steps. The modified Newton—Krylov scheme solves F(U) = 0 by an
outer inexact-Newton loop, Uy, = Uy + 6 , where the correction §_k is obtained not from an exact linear
solve but from a restarted GMRES iteration applied to the Jacobian-vector product J(U_k) v, itself approximated
by a forward finite-difference directional derivative to avoid explicit Jacobian assembly. The modification
relative to standard Newton—Krylov lies in the preconditioner: rather than an identity or Jacobi preconditioner, a
shifted Griinwald-Letnikov operator matrix cheap to apply because it is banded and Toeplitz is used as a left
preconditioner for GMRES, chosen because it approximates the dominant fractional-derivative contribution to

the true Jacobian while remaining O (N log N) to apply via FFT-based convolution. The outer loop terminates
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when the relative residual ||F (Up)||/||F (Uy)||falls below 1078 or after 50 outer iterations, whichever comes first,

and GMRES within each outer step is capped at 30 inner iterations with restart.

Three baselines were implemented under identical stopping criteria for fair comparison: classical Newton with a
direct (LU) linear solve; Newton—Krylov without the fractional preconditioner (i.e., GMRES with only a
diagonal Jacobi preconditioner); and an Adomian decomposition method truncated at 25 terms. All four solvers
were implemented in double-precision arithmetic in MATLAB R2023b on a workstation with a 3.4 GHz
processor and 32 GB RAM, and each configuration was run five times per test case and mesh size, with the
reported figures in Section 4 being the arithmetic mean across those runs to reduce timing noise from system-

level variance.

framework, which is stated here for the discretised nonlinear fr . ote the finite-
dimensional system obtained after L1/L2 discretisation of the non F,'(u). At
each outer iteration, the correction inexact solve
J(uy)s, = —F,(uy) + 1, , where r k is the GMR a forcing term 1, =

[|175 11 /1| Fr, Cug) || controls how accurately the linear syste c ep k. (Preconditioned Operator

discretised fractional operator. The i d pending on the fractional order alpha and the
mesh size h only through a bound al condition number of the preconditioned

operator satisfies cond(P™1

Toeplitz and Toepli s, adapted here to the fractional setting, shows that the eigenvalues of P {-1}

J cluster around 1 excep a fixed number of outliers independent of N, from which the stated uniform bound
on the condition number follows via the min-max characterisation of eigenvalues for the symmetrised operator.
This is the mechanism underlying the reduced GMRES iteration counts reported in Table 1 relative to the
preconditioned Newton-Krylov baseline. Theorem 1 (Local Convergence of the Inexact Newton Iteration).
Suppose F_h is continuously differentiable in a neighbourhood of a solution u*, J(u*) is nonsingular, and the
forcing terms satisfy 77, < Nmax < 77 for a fixed threshold eta _bar < 1 determined by the Lipschitz constant of J
near u*. Then, for u_ 0 sufficiently close to u*, the inexact Newton iterates u_k generated by the modified

Newton-Krylov scheme converge to u* at a linear rate, and if eta_k -> 0 as k -> infinity the convergence is

superlinear; if in addition eta_k = O(][F_h(u_k) ||), the convergence is quadratic.
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Proof sketch. This is the classical Dembo-Eisenstat-Steihaug inexact Newton theorem, applicable here once
Lemma 1 guarantees that the GMRES iteration invoked at each outer step actually achieves the prescribed
relative residual eta k within a number of inner iterations bounded independently of N, since GMRES
convergence for a well-conditioned operator with clustered eigenvalues is governed by a polynomial
approximation argument on the eigenvalue cluster rather than on the full spectral range of the unpreconditioned
Jacobian. Writing the exact Newton step as sg' = —J(u, ) 1F,(u;) and the inexact step as s, = sp' +
e with |leg|l < el Fn(wll/ 1) (ue) 7|72 type bound arising from the residual definition, a standard Taylor

expansion of F_h about u_k combined with the triangle inequality and the Banach lemma for perturbed inverses

yields |Jugsr — u|| < crllug — w12 + compllug — u*|| , for constants ¢ 1, ¢ 2 depending on the Lipschitz

constant of J and a bound on ||J*{-1}|| near u*. Choosing eta_max small that ¢ 2 eta max < 1 gives

linear contraction; driving eta k to zero suppresses the linear term relat quadratic one, giving

superlinear and, under the stated proportionality condition, quadratic converg ing the empirically

scheme's effective forcing

9y the uniform bound of Lemma

ble 1. Benchmark Nonlinear Fractional Test Problems

Problem Derivative Type a Nonlinearity Domain

P1 Caputo 0.3 Cubic, u? [0,1] x [0,1]

P2 Caputo 0.6 Quadratic (Burgers) [0,2] x [0,1]

P3 Riemann-Liouville 0.9 sin(u) [0,1] x [0,2]

P4 Caputo (system) 0.75 | Coupled reaction [0,1] x [0,1]

P5 Caputo 1.8 Bistable, u—u? [0,1] x [0,1]
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Table I shows the diversity of test conditions deliberately built into the study: fractional order ranges across sub-
diffusive, near-diffusive, and near-wave regimes, and nonlinearity types range from mild polynomial terms to
trigonometric and coupled-system forms. This spread is intended to prevent any single solver's apparent

advantage from being an artefact of one convenient problem structure.

Table I1. Outer Iteration Counts to Convergence (mesh = 512 nodes)

Problem | Classical Newton | Newton—-Krylov (no | mNK (proposed) Adomian

precond.) (terms)
P1 18 26 12 25 (no
conv.)
P2 22 31 15 25 (no

P3 15

P4 27

P5 12
Table II is the central iteration-count comparison. The p d consistently fewer outer
iterations than either classical Newton oss all five problems, with the
reduction relative to the unpreca ing from 42% (P5) to 50% (P4). Adomian
decomposition failed to reach the 10 terms for three of the five problems (P1, P2,
P4), consistent with its kn ea 0 g ; ff right-hand sides, and is reported instead

by the number of term

ory (MB) Across Mesh Sizes, Problem P2

(no precond.) Time/ | mNK (proposed)
Time / Mem
0.6/9 04/9
128 . 1.9/21 1.1/21
512 22.3/168 12.9/170
1024 79.5/512 41.2/515
2048 | 1042.7/6120 268.4 /1640 119.6 /1648

The scaling pattern in Table III is arguably the most practically important result of the study. Classical Newton's
LU-based linear solve scales close to O(N?) with mesh refinement, so its time cost balloons from under a second
at N = 64 to over 1,000 seconds at N = 2048 an increase of roughly three orders of magnitude for a 32-fold
increase in mesh points. Both Krylov variants scale far more gently, and the proposed mNK scheme maintains
an advantage of 2.2x at N = 2048 over unpreconditioned Newton—Krylov, widening slightly relative to its 1.5%
advantage at N = 64. Memory footprint between the two Krylov variants is nearly identical, which is expected

since the preconditioner itself is banded and adds negligible storage relative to the Krylov subspace vectors.
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Table IV. Error Norms Across Fractional Order o (mesh =512, Problem P1 family)
o L2 Error | Loo Error | L2 Error | Lo Error

(mNK) (mNK) (Classical (Classical

Newton) Newton)

03 |32x107 5.1x107 3.4 x1077 5.4 %107

0.6 | 1.8 x107 29 %107 1.9 x 1077 3.0x 1077

09 | 6.4x10° 1.1 x1077 6.9 x10°® 1.2x107

1.3 |29x10° 4.7 %1078 5.8 x10°® 9.3 x10°®

1.8 | 8.1x107° 1.4 x10°® 2.6 x 1077 x 1077

Table IV isolates accuracy rather than speed. Error norms for the two solvers a indistinguishable at low

mNK's this is not an accuracy difference in the une

Table V. Comparative Sum

Study Mesh
Independence
Observed
Yang & 15-20% No
(2019)
aonlinear)
Advection- ~35% Yes
diffusion (linear)
Linear BVP ~50% Partial
5 nonlinear FDE | 42-50% Yes (P1-P5)
(mNK) types
Letnikov

Table V situates the present results within the existing literature reviewed in Section 2. The 42-50% iteration
reduction reported here is comparable to Moghaddam and Machado's linear-problem result and considerably
stronger than Yang and Liu's nonlinear Jacobi-preconditioned result, suggesting that the fractional-order-aware
structure of the preconditioner rather than preconditioning alone is doing meaningful work here. Unlike Zhao
et al's linear advection-diffusion setting, the present study additionally demonstrates that this mesh-
independence behaviour persists under genuine nonlinearity, which was not previously established for this class

of preconditioner.
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5. DISCUSSION

Taken together, the five tables support the abstract's claim in a fairly direct way: iteration counts fell, wall-clock
time fell more sharply still because each retained iteration is individually cheaper under the Krylov framework,
and accuracy did not suffer as a trade-off for that speed if anything, accuracy improved modestly at higher a
because classical Newton's near-stagnation behaviour was avoided. The widening advantage at o = 1.8 (Tables
II and IV) deserves particular attention, since near-wave-type fractional equations are precisely where classical
solvers have historically struggled, and where the practical benefit of a robust preconditioner would matter most
for anyone modelling systems with fractional order approaching 2. That said, the scheme is not free of

qualifications. Its advantage narrows at the smallest mesh sizes (Table I1I, N =464), where the fixed overhead of

forming and applying the FFT-based preconditioner is not yet amortised ov h degrees of freedom for

very small problems, classical Newton with a direct solve remains comp arguably simpler to
dismissively. Adomian's failure to converge on three of five pr i od is without
merit generally it performs reasonably on mildly nonlinear prob long track
record in the applied literature attests but it does cg onlinear right-hand
sides of the kind assembled deliberately in this be s roaches without an
iterative correction mechanism struggle to compete - n convergence reliability,

whatever their appeal in closed-form or se

anced than a simple ranking of percentage

improvements. Yang and Liu's 15-20%0 i e Jacobi preconditioner on a single reaction-

Moghaddam a nal multigrid preconditioner reports the closest percentage figure (~50%) to
ethods are, in general, capable of achieving optimal O(N) complexity that a
single-level preconditio uch as the one used here cannot match; a fractional multigrid extension to the
nonlinear Newton—Krylov setting tested in this paper is a plausible next step and one the present data cannot
itself settle. It is also worth being candid that all comparisons against these three prior studies are indirect the
present experiments were not run on identical hardware, problem instances, or stopping criteria as the original
publications, so the percentage figures in Table V should be read as broadly indicative of relative solver
behaviour rather than as a precise head-to-head benchmark. A more rigorous comparison would require re-
implementing each prior preconditioner within the identical experimental harness used here, which was beyond

the scope of the present study but is a reasonable direction for follow-up work. Overall, though, the consistency

of the advantage across five structurally distinct nonlinear problems, rather than any single percentage figure, is
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what most credibly supports treating the fractional-order-aware preconditioning strategy as a genuine

improvement rather than a benchmark-specific artefact.

6. CONCLUSION

This study set out to test, empirically rather than purely theoretically, whether a modified Newton—Krylov
scheme built around a shifted Griinwald-Letnikov preconditioner offers a measurable advantage for nonlinear
fractional differential equations, and the data collected across five benchmark problems and four mesh
resolutions support that claim. Outer-iteration counts fell by 42—50% and CPU time by roughly 40—-89% relative

to unpreconditioned Newton—Krylov, with the largest gains appearing at fine mesh resolutions and at fractional

orders approaching the wave-like regime near a = 1.8, where classical convergence behaviour is

weakest. Accuracy was preserved throughout, with error norms in the 10~ ange across all tested

conditions. The comparison against prior published preconditioning strateg the approach is

confirmation. Extending the preconditioner to a igrid hi ormance on three-

dimensional spatial domains, are the most immediat

7. REFERENCES

[1] L. Podlubny, Fractional Differen i SA: Academic Press, 1999.

[2] K. Diethelm and N. J. Ford, "Analysis al di equations," J. Math. Anal. Appl., vol. 265,

[3] Z. Z. Sun and ence scheme for a diffusion-wave system," Appl. Numer.

Math., vol. 56

[6] H. Moghaddam achado, "A fractional multigrid preconditioner for linear fractional boundary

value problems," Numer. orithms, vol. 75, no. 2, pp. 373-391, 2017.

[7] X. Zhao, Z. Sun, and Z. Hao, "Circulant preconditioners for fractional advection-diffusion equations," SIAM

J. Sci. Comput., vol. 40, no. 3, pp. A1636—A1659, 2018.

[8] Q. Yang and F. Liu, "Newton—Krylov methods for nonlinear space-fractional reaction-diffusion models,"

Comput. Math. Appl., vol. 78, no. 5, pp. 1521-1534, 2019.

[9] H. Ding and C. Li, "Adomian decomposition for nonlinear fractional differential equations," Commun.

Nonlinear Sci. Numer. Simul., vol. 19, no. 6, pp. 1859-1868, 2014.

[10] C. Li and F. Zeng, Numerical Methods for Fractional Calculus. Boca Raton, FL, USA: CRC Press, 2015.

9|Page
www.ijrramjournal.com 2026/1JRRAM/07/0004



International Journal of Recent Research in Applied Mathematics
ISSN (Online):
Vol. 01, Issue 01, July 2026

IJRRAM

[11] R. Metzler and J. Klafter, "The random walk's guide to anomalous diffusion," Phys. Rep., vol. 339, no. 1,
pp- 1-77, 2000.

[12] Y. Lin and C. Xu, "Finite difference/spectral approximations for the time-fractional diffusion equation," J.

Comput. Phys., vol. 225, no. 2, pp. 1533-1552, 2007.
[13] C. T. Kelley, Solving Nonlinear Equations with Newton's Method. Philadelphia, PA, USA: SIAM, 2003.
[14] Y. Saad, Iterative Methods for Sparse Linear Systems, 2nd ed. Philadelphia, PA, USA: SIAM, 2003.

[15] P. N. Brown and Y. Saad, "Hybrid Krylov methods for nonlinear systems of equations," SIAM J. Sci. Stat.
Comput., vol. 11, no. 3, pp. 450481, 1990.

[16] W. Deng, "Short memory principle and a predictor-corrector approach fi
J. Comput. Appl. Math., vol. 206, no. 1, pp. 174—188, 2007.

ional differential equations,”

[17] F. Liu, P. Zhuang, and Q. Liu, Numerical Methods of ial Equations and

Applications. Beijing, China: Science Press, 2015.

[18] N. J. Ford and A. C. Simpson, "The numerical solution of fra i ations: speed versus

[19] M. M. Meerschaert and C. Tadjeran, "Finite diffe tional advection—dispersion

flow equations," J. Comput. Appl. Math., vol.

od and a new von Neumann-type stability

vol. 42, no. 5, pp. 1862—1874, 2005.

[25] K. Burrage, N. H
diffusion equations," STAM J. Sci. Comput., vol. 34, no. 4, pp. A2145-A2172, 2012.

nd D. Kay, "An efficient implicit FEM scheme for fractional-in-space reaction-

[26] P. Zhuang, F. Liu, V. Anh, and I. Turner, "New solution and analytical techniques of the implicit numerical

method for the anomalous subdiffusion equation," SIAM J. Numer. Anal., vol. 46, no. 2, pp. 1079-1095, 2008.

[27] C. Celik and M. Duman, "Crank—Nicolson method for the fractional diffusion equation with the Riesz
fractional derivative," J. Comput. Phys., vol. 231, no. 4, pp. 1743-1750, 2012.

[28] Z. Wang and S. Vong, "Compact difference schemes for the modified anomalous fractional sub-diffusion

equation," J. Comput. Phys., vol. 277, pp. 1-15, 2014.

10| Page
www.ijrramjournal.com 2026/1JRRAM/07/0004



International Journal of Recent Research in Applied Mathematics
ISSN (Online):
Vol. 01, Issue 01, July 2026

av

IJRRAM

[29] S. Chen, F. Liu, and K. Burrage, "Numerical simulation of a new two-dimensional variable-order fractional

percolation equation," Appl. Math. Comput., vol. 218, no. 8, pp. 43194327, 2011.

[30] M. Dehghan, M. Abbaszadeh, and A. Mohebbi, "Analysis of a meshless method for the time fractional
diffusion-wave equation," Eng. Anal. Bound. Elem., vol. 64, pp. 205-221, 2016.

11| Page
www.ijrramjournal.com 2026/1JRRAM/07/0004




    D  t  𝛼 u  ( x , t ) = f  ( u ,   u  x ,   u  x x , t )   with  0 < 𝛼 ≤ 2


    U  k + 1 =   U  k +   𝛿  k


  ‖ F  (   U  k ) ‖ / ‖ F  (   U 0 ) ‖


    F h  ( u ) = 0


  J  ( u ) =   F h ′  ( u )


  J  (   u  k )   s  k = −   F h  (   u  k ) +   r  k


    𝜂  k = ‖   r  k ‖ /  ‖   F h  (   u  k ) ‖


  cond  (   P  − 1 J ) ≤   𝜅 0


    𝜂  k ≤   𝜂 max <   𝜂 -


    s  k  exact = − J    (   u  k )  − 1   F h  (   u  k )  


    s  k =   s  k  exact +   e  k  


  ‖   e  k ‖ ≤   𝜂  k ‖   F h  (   u  k ) ‖ / ‖ J    (   u  k )  − 1 ‖  ​  − 1


  ‖   u  k + 1 −   u ∗ ‖ ≤   c 1 ‖   u  k −   u ∗ ‖  ​ 2 +   c 2   𝜂  k ‖   u  k −   u ∗ ‖

